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Abstract
Let E be a CM elliptic curve defined over an algebraic number field F . In general E will not be modular
over F . In this paper, we determine extensions of F , contained in suitable division fields of E, over which
E is modular. Under some weak assumptions on E, we construct a minimal subfield of division fields over
which E is modular.
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1. Introduction
Let E be a CM elliptic curve defined over an algebraic number field F ⊆ C such that
EndQ(E), the ring of endomorphisms of E defined over Q, is isomorphic to an order R of
an imaginary quadratic field K ⊆ C. It is known by work of Shimura [2] that there exists a
normalized new form f of weight two on Γ1(N) for some N , such that E admits a non-zero
homomorphism ϕ :E → Jf defined over Q, where Jf is the Q-simple factor of the Jacobian
variety J1(N) corresponding to f .
In the previous paper [1], we gave necessary and sufficient conditions for E to be modular
over F , i.e., such a non-zero homomorphism ϕ can be defined over F . Combining Theorem 5.1
in [1] and the second part of Example 3, p. 527 in [3], it follows that E will not be modular
over F in general. Therefore, it is important to determine an extension field (a minimal one if
possible) of F over which E is modular. In this paper, we prove two theorems about this.
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ι :R→˜EndQ(E) such that the CM-type of (E, ι) is (K; {id}). For any a ∈ R, we denote by E[a]
the group of points defined over an algebraic closure of F which are in the kernel of ι(a). Put
E[p] :=⋂a∈pE[a] and let F(E[p]) be the field obtained by adjoining to F the coordinates of
points of E[p]. Then we have
Theorem 1. Assume that p is prime to the order of the unit group of R. Then E is modular over
F(E[p]).
Next we consider the situation that E is not modular over F . This implies that E also is not
modular over F ′ := 〈F,K〉, the composite field of F and K in C. Put L := F ′(E[p]) and e be
the non-negative integer such that 2e‖[L : F ′]. Since L/F ′ is a cyclic extension, there exists the
unique intermediate field L0 with [L0 : F ′] = 2e . Then we have
Theorem 2. Assume that (i) p is odd; (ii) E is not modular over F ; (iii) if K = Q(√−1 ) or
Q(
√−3 ), then the conductor of R is greater than one. Then
(1) E is modular over L0.
(2) For any intermediate field T of the extension L0/F ′ such that T 
= L0, E is not modular
over T .
2. Proof of Theorems 1 and 2
First we prove Theorem 1. For this it suffices to prove that E is modular over L = F ′(E[p]) =
〈F(E[p]),K〉 (see Lemma 2.2 in [1]). We have the following Hasse diagram:
•
•
•
•
•
•
•











K
F ′
L
Kab
〈F ′, Kab〉
〈L, Kab〉
F ′ab
where the subscript ab denotes the maximal abelian extension. By class field theory, 〈F ′, Kab〉
corresponds to the closed subgroup of the idele group F ′×
A
:
C1 :=
{
x ∈ F ′×
A
∣∣NF ′/K(x) ∈ K×K×∞
}
,
where NF ′/K is the norm map from F ′×A to K
×
A
and K×∞ is the archimedean part of K×A . We
fix an isomorphism r : (K ⊗Q R)/a→˜E(C), where a is a proper R-ideal in K . The theory of
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to K× by means of which the action of Gal(F ′ab/F ′) on division points of E may be interpreted
class field theoretically. Then L corresponds to
C2 :=
{
x ∈ F ′×
A
∣∣ r(αE/F ′(x)NF ′/K(x)−1v
)= r(v) for all v ∈ p−1a/a}.
Take any x ∈ C1 ∩ C2. Then we have an expression NF ′/K(x) = yz for some y ∈ K× and
z ∈ K×∞. Since a = αE/F ′(x)NF ′/K(x)−1a = αE/F ′(x)y−1a, we have that αE/F ′(x)y−1 ∈ R×.
By the condition in the definition of C2, we also have that αE/F ′(x)y−1 ≡ 1 (mod p). Since R×
is {±1}, {±1,±ω,±ω2} or {±1,±i} (where ω2 + ω + 1 = 0 and i2 = −1), an elementary cal-
culation in every case and the assumption (p, |R×|) = 1 imply that αE/F ′(x)y−1 = 1. Therefore,
the element of Gal(F ′ab/F ′) corresponding to x acts identically on the group E(C)tor of points of
E(C) with finite order. Hence all the points of E(C)tor are rational over 〈F ′,Kab,L〉 = 〈L,Kab〉,
the invariant field of C1 ∩ C2. By Theorem 5.1 in [1], E is modular over L. This completes the
proof of Theorem 1.
Next we prove Theorem 2. Let G be the subgroup of Gal(L/F ′) (⊆ (R/p)×) corresponding
to L0 by Galois theory. Then L0 corresponds to
C3 :=
⎧⎨
⎩x ∈ F
′×
A
∣∣∣∣∣∣
∃g ∈ G (g ∈ R)
s.t.
r(αE/F ′(x)NF ′/K(x)−1v) = r(gv) for all v ∈ p−1a/a
⎫⎬
⎭ .
Take any x ∈ C1 ∩ C3. Then the same argument as above and the assumption (iii) imply that
αE/F ′(x)y−1 ∈ R× = {±1}. Suppose that αE/F ′(x)y−1 = −1. Then −1 ∈ G, so 2 divides |G|.
This contradicts the fact that [L : L0] is odd. Therefore, αE/F ′(x)y−1 = 1. Hence E is modular
over L0.
By the assumption (ii) and the statement (1) which has just been proved, we have e  1.
There exists the unique intermediate field T0 of the extension L0/F ′ with [L0 : T0] = 2. For the
statement (2) it suffices to prove that E is not modular over T0. T0 corresponds to
C4 :=
⎧⎨
⎩x ∈ F
′×
A
∣∣∣∣∣∣
∃g ∈ 〈G,±1〉 (g ∈ R)
s.t.
r(αE/F ′(x)NF ′/K(x)−1v) = r(gv) for all v ∈ p−1a/a
⎫⎬
⎭ .
As we see in the proof of the statement (1), C1 acts on E(C)tor by ±1. By the assumption (ii),
there exists an element x0 of C1 acting by −1. Then x0 ∈ C1 ∩ C4, but the action of x0 is not
trivial. This implies that not all the points of E(C)tor are rational over 〈T0,Kab〉. Hence E is not
modular over T0.
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